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IRREDUCIBLE CHARACTERS OF KAC-MOODY LIE
SUPERALGEBRAS
SHUN-JEN CHENG†, JAE-HOON KWON††, AND WEIQIANG WANG†††
Abstract. Generalizing the super duality formalism for finite-dimensional Lie su-
peralgebras of type ABCD, we establish an equivalence between parabolic BGG
categories of a Kac-Moody Lie superalgebra and a Kac-Moody Lie algebra. The char-
acters for a large family of irreducible highest weight modules over a symmetrizable
Kac-Moody Lie superalgebra are then given in terms of Kazhdan-Lusztig polynomials
for the first time. We formulate a notion of integrable modules over a symmetriz-
able Kac-Moody Lie superalgebra via super duality, and show that these integrable
modules form a semisimple tensor subcategory, whose Littlewood-Richardson tensor
product multiplicities coincide with those in the Kac-Moody Lie algebra setting.
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1. Introduction
Super duality is a powerful general approach developed in the past years in represen-
tation theory of finite-dimensional classical Lie superalgebras [CWZ, CW1, CL, CLW]
(see the book [CW2, Chapter 6] for an exposition). It states that certain parabolic BGG
categories of Lie superalgebras of type ABCD and classical Lie algebras at infinite-rank
limit are equivalent as highest weight categories. A parabolic BGG category of Lie su-
peralgebras almost always contains infinite-dimensional simple modules, and at present
super duality appears to be the only known general approach toward the basic prob-
lem of finding irreducible characters for such categories. Some notable consequences of
super duality include:
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(i) The Kostant u-homology groups with coefficients in irreducible highest weight
modules over classical Lie algebras and Lie superalgebras match perfectly.
(ii) The character formula for a large class of irreducible highest weight modules
over Lie superalgebras of type ABCD is obtained via the classical Kazhdan-
Lusztig polynomials.
The goal of this paper is to establish the super duality formalism and also formulate
a notion of integrable modules for a large class of Kac-Moody Lie superalgebras. The
class of Kac-Moody Lie superalgebras considered in this paper is a family of contra-
gredient Lie superalgebras gn for n ∈ N ∪ {−1} associated to super generalized Cartan
matrices corresponding to Dynkin diagrams of the form (3.5), whose submatrix cor-
responding to a head subdiagram (3.1) satisfies the mild conditions (A) and (B) (see
Sections 3 and 4). More generally, we may also allow the case where there is more
than one isotropic odd simple root together with its associated tail diagram of type A
attached to B (see Remark 5.6). In particular, this contains the finite-dimensional
Lie superalgebras of type ABCD, the exceptional simple Lie superalgebras, and also
the affine Lie superalgebras associated with classical and exceptional Lie superalgebras.
The notion of Kac-Moody (or rather that of contragredient) Lie superalgebras was
introduced by Kac [K1, Section 2.5] in a way similar to the more familiar notion of
Kac-Moody Lie algebras (see also [vdL]). The anisotropic Kac-Moody superalgebras
and their integrable representations were studied in depth in [K2] (see also [CFLW]
for more general representations), where the “anisotropic” condition (C1′) in Section 2
means “no isotropic odd simple roots”. However, little is known about the characters
of irreducible highest weight modules in BGG categories of the general Kac-Moody Lie
superalgebras (with isotropic odd simple roots) beyond the finite-dimensional classical
Lie superalgebras except in some rather special cases for affine Lie superalgebras (see
Kac-Wakimoto [KW2]). The classification problem of finite-growth contragredient Lie
superalgebras under various conditions was studied by van der Leur [vdL], Hoyt, and
Serganova [HS, Hoyt].
For our purpose, we introduce another family of contragredient Lie superalgebras
gn for n ∈ N, which are obtained by replacing all the odd isotropic simple roots in gn
with even non-isotropic ones. We show as a main result in this paper that suitable
parabolic BGG categories of gn and gn at infinite-rank limit are equivalent as highest
weight categories. We remark that gn is not necessarily of Kac-Moody (super) type
since the associated matrix may not be a super generalized Cartan matrix, as it may
have a positive off-diagonal entry in a row corresponding to non-isotropic simple root.
In the most important cases when gn or its limit g of infinite rank is a symmetrizable
Kac-Moody Lie algebra (or even symmetrizable anisotropic Kac-Moody superalgebra),
feature (i) above of the super duality formalism remains valid in the current setting
once we replace the word “classical” above by “Kac-Moody”, while (ii) also applies
in many cases by making use of the solution of the Kazhdan-Lusztig conjectures for
symmetrizable Kac-Moody Lie algebras by Kashiwara-Tanisaki and others (see [KT]
and references therein). Feature (ii) above applies to the simple exceptional Lie super-
algebras, but not to the affine Lie superalgebras since the corresponding Lie algebra gn
is not of Kac-Moody type.
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While super duality in our general setting is established largely by the same strat-
egy as in the case of finite-dimensional classical Lie superalgebras treated earlier, the
technical details are more challenging than before. For instance, the structures of root
systems are very explicit and well understood in the classical setting, but it is much
less so for Kac-Moody or contragredient Lie superalgebras. We need to deal with issues
like when a contragredient Lie superalgebra associated to a matrix B is a subalgebra of
another contragredient Lie superalgebra associated to a matrix A (see Propositions 2.3
and 3.2). One also needs to be more roundabout, without referring to the detailed
knowledge of root systems, in showing that the super duality functors match the para-
bolic Verma and simple modules, respectively (see Lemma 4.3). In the classical setting,
we have weights ǫi available which greatly facilitate the construction of super duality.
In the current generality, we have found a way of introducing such ǫi as needed, by
considering an extension by an outer derivation (see (4.1)).
As another remarkable application of super duality, we formulate a notion of in-
tegrable modules over symmetrizable Kac-Moody Lie superalgebras G associated with
super generalized Cartan matrices with no positive off-diagonal entry (see the condition
(C) in Section 6). These integrable modules correspond to the usual integrable mod-
ules over a symmetrizable anisotropic Kac-Moody Lie superalgebra g (see [K2, K3]),
under super duality with g−1 = G. In fact, they are shown to form a semisimple tensor
subcategory, whose Littlewood-Richardson tensor product multiplicities coincide with
those for g (compare [Kw]). We show that the integrable G-modules afford a nice in-
trinsic characterization similar to that of the integrable g-modules, where the condition
of being semisimple over the sl(2) or osp(1|2)-copy associated to each non-isotropic
simple root is supplemented by that of being a polynomial representation over gl(1|1)
for each odd isotropic simple root. It also follows that the irreducible modules in this
semisimple category admit BGG type resolutions in terms of Verma modules. For the
orthosymplectic Lie superalgebras such modules are the so-called oscillator modules.
In general, we can define a notion of integrable gn-modules for n ∈ N, even if gn does
not satisfy the condition (C), and obtain similar results (see Remark 6.8). Unlike the
Kac-Moody Lie algebra case, the notion of integrable modules over Kac-Moody Lie
superalgebras with odd isotropic simple roots is subtle and there is no universal agree-
ment; for some earlier notion of integrability see [KW2] for affine superalgebras (also
see [S]).
The paper is organized as follows. In Section 2, we recall necessary background on
contragredient and Kac-Moody Lie superalgebras. In Section 3, we define finite-rank
Lie superalgebras gn, gn, and their limits g, g of infinite rank, respectively. In Section
4, we specialize g and g, and introduce parabolic BGG categories O and O of g and g,
respectively. It is proved that the characters of irreducible highest weight modules in
O are determined by those in O. In Section 5, we establish an equivalence of categories
between O and O, which we refer to as super duality. The irreducible characters in the
category On of gn-modules (which is a finite-rank version of O) are given by Kazhdan-
Lusztig polynomials (for a large class of gn and their highest weight modules). Finally,
in Section 6, we construct a full subcategory of On, which form a semisimple tensor
category.
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2. Kac-Moody Lie superalgebras
Let Z, N, and Z+ stand for the sets of all, positive, and non-negative integers,
respectively. All vector spaces, algebras, etc., are over the complex field C.
Let I be a finite set with a Z2-grading I = I0 ⊔ I1. Suppose that |I| = n and
A = (aij)i,j∈I is a complex matrix of rank ℓ. We let (h,Π,Π
∨) be a minimal realization
of A (cf. [K3, §1.1]); that is, (1) h is a vector space of dimension 2n−ℓ, (2) Π = {αi | i ∈
I } and Π∨ = {α∨i | i ∈ I } are linearly independent subsets of h
∗ and h, respectively,
satisfying 〈αi, α
∨
j 〉 = aji for i, j ∈ I.
Let ĝ(A) be the Lie superalgebra generated by h and { ei, fi | i ∈ I } subject to the
following relations:
[h, h′] = 0, [ei, fj ] = δijα
∨
i ,
[h, ei] = 〈αi, h〉ei, [h, fi] = −〈αi, h〉fi,
(2.1)
for i, j ∈ I and h, h′ ∈ h. Note that [α∨j , ei] = ajiei and [α
∨
j , fi] = −ajifi. The parity of
each generator is given by p(h) = 0 for h ∈ h, and p(ei) = p(fi) = ε, for i ∈ Iε (ε ∈ Z2).
We have a triangular decomposition ĝ(A) = n̂+ ⊕ h ⊕ n̂−, where n̂+ and n̂− are the
subalgebras generated by the ei’s and the fi’s (i ∈ I), respectively. Let r1 and r2 be
two ideals of ĝ(A) such that ri ∩ h = 0 for i = 1, 2. Then r1+ r2 is also an ideal of ĝ(A)
intersecting h trivially. Thus, there exists a unique ideal r that is maximal among the
ideals intersecting h trivially. Following [K1], we define g(A) := ĝ(A)/r and call it the
contragredient Lie superalgebra associated with A.
Let g = ĝ(A)/s be the quotient algebra of ĝ(A) by an ideal s ⊆ r. Then g has the
triangular decomposition g = n+ ⊕ h ⊕ n− induced from that of ĝ(A). Consider the
following conditions on g:
(H) g has no non-trivial ideal intersecting h trivially.
(N) For every non-zero root vector x ∈ n+, there exists fi such that [x, fi] 6= 0;
for every non-zero root vector y ∈ n−, there exists ei such that [y, ei] 6= 0.
Lemma 2.1. Let g be as above. The conditions (H) and (N) are equivalent.
Proof. Suppose that g satisfies (N) and s0 ⊆ g is a non-zero ideal intersecting h trivially.
Then we can find a non-zero root vector x ∈ s0 corresponding to a root α, which has
minimal height in s0. For definiteness, assume that α is positive or x ∈ s0 ∩ n
+ since
the case when α is negative is analogous. It is clear that x 6= ei for i ∈ I, for otherwise
s0 ∩ h 6= 0. By (N), there exists fi such that [x, fi] 6= 0. But [x, fi] is a positive root
vector in s0 of height less than that of x. This contradicts the minimality of the height
of x. So, g satisfies (H).
Conversely, suppose that g satisfies (H). If there exists a positive root vector x ∈ n+
such that [x, fi] = 0 for all i ∈ I, then the ideal generated by x is a non-zero ideal in n
+
and hence intersects h trivially, contradicting (H). The argument for y ∈ n− is similar.
Thus, (H) implies (N). 
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Lemma 2.2. Let g be a Lie superalgebra generated by an abelian subalgebra h of di-
mension 2n−ℓ and { ei, fi | i ∈ I }. Suppose that there exist linearly independent vectors
{α∨i | i ∈ I } in h and {αi | i ∈ I } in h
∗ such that the relations (2.1) hold in g. If g
satisfies (H), then g ∼= g(A).
Proof. It follows by the same proof as in the Lie algebra setting; see the proof of [Car,
Proposition 14.15]. 
The following was stated in [K1, Section 2.5.1].
Proposition 2.3. For J ⊆ I, let B = (aij)i,j∈J and Jε = Iε ∩ J for ε ∈ Z2. Then we
have a natural inclusion of Lie superalgebras: g(B) →֒ g(A).
Proof. Suppose that B has rank r. By [K3, Exercise 1.2] we can find h′ ⊂ h with
dim h′ = 2|J | − r such that h′ contains {α∨j | j ∈ J } and {αj |h′ | j ∈ J } is linearly
independent, so that we have a minimal realization of B. Let g be the subalgebra
of g(A) generated by h′ and { ei, fi | i ∈ J }. It suffices to prove that g satisfies the
condition (N). First suppose that x is a positive root vector in g such that [x, fj ] = 0
for all j ∈ J . Since x is generated by the ej ’s with j ∈ J , we must have [x, fi] = 0 for
i 6∈ J , which implies that x = 0. The case when x is a negative root vector is analogous.
Now we apply Lemmas 2.1 and 2.2 and conclude that g ∼= g(B). 
Recall the following, which describes the effect of an odd reflection on a fundamental
system of a contragredient Lie superalgebra (cf. [PS]).
Proposition 2.4. [KW2, Lemma 1.2] Suppose that A = (aij) satisfies aij = 0 if and
only if aji = 0. Let αs be an odd isotropic simple root of the fundamental system
Π associated with A of a contragredient Lie superalgebra g(A). The simple roots and
coroots of the fundamental system Π′, obtained by applying the odd reflection associated
with αs to Π, are precisely as follows:
(1) −αs ∈ Π
′ with corresponding coroot −α∨s ,
(2) αi ∈ Π
′ with corresponding coroot α∨i for i 6= s with ais = 0,
(3) αi + αs ∈ Π
′ with corresponding coroot α∨i +
ais
asi
α∨s for i 6= s with ais 6= 0.
An integer matrix A = (aij)i,j∈I is called a super generalized Cartan matrix (abbre-
viated SGCM) if it satisfies the following conditions:
(C0) aii = 2 for all i ∈ I0;
(C1) aii = 2 or 0 for all i ∈ I1;
(C2) If aii = 2 then, for all j 6= i, aij ∈ −Z+ for i ∈ I0 and aij ∈ −2Z+ for i ∈ I1;
(C3) aij = 0 if and only if aji = 0.
Following [vdL] we call the corresponding contragredient Lie superalgebra g(A) the
Kac-Moody Lie superalgebra associated with a SGCM A. A SGCM A = (aij)i,j∈I and
the corresponding Kac-Moody Lie superalgebra g(A) are called anisotropic if A satisfies
the following condition (stronger than (C0) and (C1) above):
(C1′) aii = 2 for all i ∈ I.
Note that it is possible that aij > 0 for i 6= j for a SGCM, which occurs only when
aii = 0. In particular, an anisotropic Kac-Moody Lie superalgebra does not have a
positive off-diagonal entry in its SGCM. Also, note that if I1 = ∅, then A is a generalized
6 CHENG, KWON, AND WANG
Cartan matrix (simply GCM) as defined in [K3, §1.1], and g(A) is the Kac-Moody Lie
algebra associated with A.
Remark 2.5. We would like to point out that the definition of a Kac-Moody Lie su-
peralgebra in [vdL], and which is the one used in this paper, differs from the one in
[S] (see also [Hoyt, HS]). Indeed, the Kac-Moody Lie superalgebra in this paper in the
terminology of [S] is referred to as a regular admissible contragredient Lie superalgebra.
Example 2.6. Consider the three simple finite-dimensional exceptional Lie superal-
gebras G(3), F (3|1) (sometimes denoted by F (4)), and D(2|1, α) for α ∈ C \ {0,−1}.
According to [K1, Proposition 2.5.4], we can choose the following SGCM’s for their
distinguished fundamental systems (in contrast to the matrices in loc. cit. we have
rescaled the odd isotropic simple root by −1): 0 −1 0−1 2 −3
0 −1 2
 ,

0 −1 0 0
−1 2 −2 0
0 −1 2 −1
0 0 −1 2
 ,
 0 −1 −α−1 2 0
−1 0 2
 ,
where only the first row index has parity 1. Note that if we replace the zero diagonal
entries in the above matrices by 2 and change the parity of the corresponding row
index, then the above matrices become symmetrizable generalized Cartan matrices so
that the resulting Lie algebras are symmetrizable Kac-Moody Lie algebras. (In the
case of D(2|1, α), we need to assume that α ∈ N.)
Remark 2.7. Suppose that A = (aij)i,j∈I is a SGCM. Then in g(A) we have the following
relations for i, j ∈ I with i 6= j ([vdL, Proposition 3.3]):
ad(ei)
1−aij (ej) = 0, if aii = 2,
ad(ei)
m(j)(ej) = 0, if aii = 0,
where m(j) = 1 if aij = 0 and m(j) = 2 if aij 6= 0.
3. The Lie superalgebras g˜, g, and g
Let I be a Z2-graded set and let A = (aij)i,j∈I be a matrix with aij ∈ Z and aii = 2
or 0 for i, j ∈ I. We draw the corresponding Dynkin diagram as follows: The vertices of
the Dynkin diagram are parametrized by I, and denoted by © (resp. ②) when aii = 2
with i ∈ I0 (resp. i ∈ I1), and by
⊗
when aii = 0, for i ∈ I1. Furthermore, for two
vertices i, j with aij 6= 0 or aji 6= 0, we draw an edge connecting them and label it with
the pair of integers (aij , aji) as follows:
• •
i j
(aij , aji)
where • denotes one of ©, ②, or
⊗
.
For r ∈ T∞ := {−1} ∪
1
2N, we consider a SGCM (ast) labelled by the (tail) set
Tr := {−1,
1
2 , 1,
3
2 , . . . , r} with a−1 1
2
= a 1
2
−1 = 1, as s+ 1
2
= as+ 1
2
s = (−1)
2s for s > 0,
and ast = 0 elsewhere. Also, by definition the parity of every s ∈ Tr is 1. Let
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⊗ ⊗ · · ·
(1,1) (−1,−1) (1,1)
⊗ ⊗
α
−1 α1/2 α1 αr
be the (tail) Dynkin diagram associated to this SGCM (ast) with a fundamental system
{α−1, α 1
2
, α1, . . . , αr} parametrized by Tr.
Suppose that a SGCM B is given. We denote its Dynkin diagram by B and its
fundamental system by ΠB . We consider the following Dynkin diagram, which we call
the head diagram, by connecting a vertex
⊗
also indexed by α−1 to some vertices γj
in B with labels (bj , cj) (1 ≤ j ≤ p):
(3.1) ⊗
(b1,c1)
.
.
.
(bj ,cj)
.
.
.
(bp,cp)
B
α
−1
Here, bj = 〈α−1, γ
∨
j 〉, and cj = 〈γj , α
∨
−1〉 for 1 ≤ j ≤ p, where it is understood that α
∨
−1
and γ∨j (respectively α−1 and γj) are the associated simple coroots (respectively simple
roots) in a minimal realization of (3.1). We denote by Ahd the matrix corresponding
to the head diagram (3.1). Throughout the paper, we shall always assume that Ahd is
a SGCM, or equivalently, for 1 ≤ j ≤ p,
bj , cj ∈ Z \ {0},
bj ∈ −Z+, if γj =©,
bj ∈ −2Z+, if γj = ②.
(A)
Example 3.1. Suppose that B is a disjoint union of two classical Dynkin diagrams
of type C and type B:
© © · · · © · · ·©© ©
(−1,−2) (−1,−1) (−1,−1) (−2,−1) (−1,−1) (−1,−1)
γ1 γ2
Incorporating the lengths of the roots into the diagram and removing the labels we get
the more familiar forms:
© © · · · © · · ·©© ©=⇒ ⇐=
γ1 γ2
Here we regard γ1, and γ2 as the two end vertices of B . We connect B to a vertex
α−1 at γ1 and γ2 with labels (b1, c1) = (−1,−1) and (b2, c2) = (−1, 1), respectively, so
that the resulting head diagram is of the form:
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© © · · · ©
· · ·©© © ⊗
(−2,−1) (−1,−1) (−1,−1)
(−1,−2) (−1,−1) (−1,−1) (−1,−1)
(−1,1)
γ2
γ1
α
−1
Incorporating the lengths of the roots (and removing the labels) we can stretch it into
its more familiar form, which is the Dynkin diagram of the affine Lie superalgebra of
type B:
© © · · · © © · · ·=⇒ =⇒©
⊗
©
α
−1γ1 γ2
Similarly, one constructs the Dynkin diagram of the affine Lie superalgebra of type
D as a head diagram (3.1) with B being a disjoint union of two classical Dynkin
diagrams of type D and type C.
For r ∈ T∞, we consider a new Dynkin diagram by merging the head diagram with
the tail diagram parametrized by Tr as follows (or by identifying the α−1 in the head
and tail diagrams):
(3.2) ⊗ ⊗ · · ·
(b1,c1)
.
.
.
(bj ,cj)
.
.
.
(bp,cp)
⊗ ⊗B
α
−1 α1/2 α1 αr
Let g˜◦r be the Kac-Moody Lie superalgebra associated with the above Dynkin dia-
gram, whose fundamental system is ΠB∪{αi | i ∈ Tr }. Since g˜
◦
r ⊆ g˜
◦
r+ 1
2
by Proposition
2.3, we have a well-defined Lie superalgebra g˜◦ =
⋃
r g˜
◦
r . It is easy to see that g˜
◦ satis-
fies (N) and hence (H) by Lemma 2.1. Thus, by abuse of terminology one may regard
g˜◦ as the Kac-Moody Lie superalgebra (of infinite rank) associated with the following
Dynkin diagram:
(3.3) ⊗ ⊗ · · · · · ·
(b1,c1)
.
.
.
(bj,cj)
.
.
.
(bp,cp)
⊗ ⊗B
α
−1
α 1
2
α1 αr
(1,1) (−1,−1) (1,1)
We define g˜ := g˜◦ ⊕ Cd, which is an extension of g˜◦ by an outer derivation of g˜◦ with
[d, eα−1 ] = −eα−1 and [d, fα−1 ] = fα−1 but [d, x] = 0 for the other generators x of g˜
◦.
Here eα−1 and fα−1 denote the positive and negative generators in g˜
◦ corresponding to
α−1, respectively. Note that ad(d) is well-defined since the ideals which define g˜
◦
r are
graded. Also set g˜r := g˜
◦
r ⊕Cd. Let Π˜ := ΠB ∪ {αi | i ∈ T∞ } denote this fundamental
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system of g˜, and let h˜ be the Cartan subalgebra of g˜, which is a direct sum of the
Cartan subalgebra of g˜◦ and Cd.
Set
β−1 = α−1 + α 1
2
, βr = αr + αr+ 1
2
(r ∈ 12N).
For n ∈ N, consider the following Dynkin diagram:
(3.4) © © · · ·
(b1,c1)
.
.
.
(bj,cj)
.
.
.
(bp,cp)
© ©B
β
−1 β1 β2 βn−1
(−1,−1) (−1,−1) (−1,−1) (−1,−1)
When n = 1 we mean the diagram (3.4) with no βi’s for i ≥ 1. We note that the
corresponding contragredient Lie superalgebra, denoted by g◦n, is a Kac-Moody Lie
superalgebra if and only if cj ∈ −Z for 1 ≤ j ≤ p. Similarly, let g
◦ =
⋃
n g
◦
n and let g :=
g◦⊕Cd be its extension by an outer derivation d with [d, eβ−1 ] = −eβ−1 , [d, fβ−1 ] = fβ−1
and [d, x] = 0 for the other generators. We note that d is possibly an inner derivation
plus a central element. Set gn := g
◦
n⊕Cd. Let Π := ΠB ∪ {β−1} ∪ {βj | j ∈ N } denote
this fundamental system of g, and let h be the Cartan subalgebra of g.
On the other hand, for n ∈ N ∪ {−1}, let g◦n be the Kac-Moody Lie superalgebra
associated with the Dynkin diagram below:
(3.5)
⊗
© · · ·
(b1,c1)
.
.
.
(bj,cj)
.
.
.
(bp,cp)
© ©B
α
−1 β 1
2
β 3
2
β
n− 1
2
(1,−1) (−1,−1) (−1,−1) (−1,−1)
When n = −1 we mean the diagram (3.5) with no βr’s for r ≥ 1/2. Similarly, let
g◦ =
⋃
n g
◦
n and let g := g
◦ ⊕ Cd be its extension by d as in the case of g˜◦. Set
gn := g
◦
n ⊕ Cd. Let Π := ΠB ∪ {α−1} ∪ {βj | j ∈
1
2 + Z+ } denote this fundamental
system of g, and let h be the Cartan subalgebra of g.
Proposition 3.2. g and g can be naturally regarded as subalgebras of g˜.
Proof. We shall prove the case of g, as the proof for g is similar. Consider the subdia-
gram:
•
•
•
⊗ ⊗ ⊗⊗ ⊗ ⊗ · · ·
(b1,c1)
.
.
.
(bj ,cj)
.
.
.
(bp,cp)
(1, 1) (−1,−1) (1, 1) (−1,−1) (1, 1)
γ1
γj
γp
α
−1
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Applying the sequence of odd reflections with respect to α 1
2
, α 3
2
, and α 1
2
+α1+α 3
2
, we
get the following diagram by Proposition 2.4:
•
•
•
© © ©⊗ © ⊗ · · ·
(−1,−1) (−1,−1) (1,−1) (−1,−1) (−1, 1)
(b1,c1)
.
.
.
(bj ,cj)
.
.
.
(bp,cp)
γ1
γj
γp
β
−1
Note that in the process of applying odd reflections, we may have a matrix with a di-
agonal entry −2. Then we replace it with 2 by multiplying a suitable diagonal matrix,
which changes only the sign of the corresponding row, but does not change the associ-
ated contragredient Lie superalgebra. Now, the subdiagram above, starting from the
first isotropic odd root, is of type A. Applying a suitable sequence of odd reflections
and using Proposition 2.3, it is easy to see that the contragredient Lie superalgebra
corresponding to any finite-rank diagram of the form (3.4) is a subalgebra of g˜. Finally
we can check without difficulty that the outer derivation d on g˜◦ when restricted to g◦
coincides with d on g◦. This completes the proof. 
In light of Proposition 3.2, we have
gn = g˜n ∩ g, gm = g˜m ∩ g, for n ∈ N and m ∈ N ∪ {−1}.
Corollary 3.3. Let g˜, g, and g be as above.
(1) If α is a root of g, then α appears in both g and g˜ with the same multiplicity.
(2) If α is a root of g, then α appears in both g and g˜ with the same multiplicity.
Proof. Without loss of generality, we may assume that α is positive. So α is a finite sum
of simple roots of g. By Proposition 2.3, it is a root of a contragredient Lie superalgebra
of finite rank, whose diagram is a connected subdiagram of both g and g˜ (with respect
to a fundamental system different from its standard one, but constructed in the proof
of Proposition 3.2). This proves (1). The proof of (2) is similar. 
We end this section with the following easy but important observation on the condi-
tions for g to be a (symmetrizable) Kac-Moody Lie algebra. Recall that cj (1 ≤ j ≤ p)
are the entries in Ahd satisfying (A).
Proposition 3.4.
(1) If ΠB has no odd simple root and cj ∈ −Z+ for 1 ≤ j ≤ p, then g is a Kac-
Moody Lie algebra.
(2) If in addition Ahd is symmetrizable, then the diagram (3.4) is also symmetriz-
able, and hence g is a symmetrizable Kac-Moody Lie algebra.
Proof. Since (1) is clear from the diagram of g, we prove (2) only. Let D be an l × l
diagonal matrix such that DAhd is symmetric. Note that if Ahd is the matrix obtained
from Ahd by replacing the diagonal entry 0 (for α−1) by 2 and changing its parity,
then DAhd is still symmetric. Let d be the diagonal entry of D corresponding to α−1.
Consider the diagonal (l + n− 1)× (l + n− 1) matrix
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D′ :=

D 0 0 · · · 0
0 d 0 · · · 0
0 0 d · · · 0
0
...
...
. . . 0
0 0 0 · · · d
 .
It follows that D′A′ is diagonal where A′ is the generalized Cartan matrix corre-
sponding to the Dynkin diagram (3.4). 
Example 3.5. If Ahd is one of the matrices corresponding to the exceptional simple
Lie superalgebras in Example 2.6, with α ∈ N, then the corresponding contragredient
Lie superalgebra g is a symmetrizable Kac-Moody Lie algebra.
4. Irreducible character formulas
Let I be the index set for the SGCM B, i.e., for the vertices of its Dynkin diagram
B . Let I ∪ {−1} be the index set for Ahd or the head diagram (3.1), where as usual
we denote the index of the simple root α−1 by −1. Recall that A
hd is again a SGCM
by our assumption (A). The index set of the simple roots of g˜ is I˜ := I ∪ T∞, where
I˜0 = I0 and I˜1 = I1∪T∞. The set of simple roots and coroots of g˜ are Π˜ = {αi | i ∈ I˜ }
and Π˜∨ = {α∨i | i ∈ I˜ }, respectively.
From now on, unless otherwise specified, we shall assume in addition that
B = (〈αj , α
∨
i 〉)i,j∈I is a symmetrizable and anisotropic SGCM,(B)
that is, g(B) is a symmetrizable anisotropic Kac-Moody superalgebra, whose structure
and representations were studied in detail in [K2] (also cf. [CFLW, Remark 4.11]). In
particular, ad(ei) and ad(fi) act locally nilpotently on g˜ for i ∈ I by Remark 2.7. Note
that the off-diagonal entries cj in A
hd may still be positive integers.
For i ∈ I˜ , let ωi be the fundamental weight for g˜ such that
〈ωi, α
∨
j 〉 = δij , for i, j ∈ I˜ .
We further assume that 〈ωi, d〉 = −1 for i ∈ T∞, and 0 for i ∈ I. Let ω be the
fundamental weight with respect to d, that is, 〈ω, d〉 = 1 and 〈ω,α∨i 〉 = 0 for all i ∈ I˜.
For i ∈ T∞, define
ǫi :=

ω−1, if i = −1,
−ω 1
2
+ ω−1, if i =
1
2 ,
(−1)2i
(
ωi − ωi− 1
2
)
, if i > 12 ,
hi :=

−d, if i = −1,
d+ α∨−1, if i =
1
2 ,
−hi− 1
2
− (−1)2iα∨
i− 1
2
, if i > 12 .
(4.1)
Then 〈ǫi, hj〉 = δij and 〈ωk, hj〉 = 0 for i, j ∈ T∞ and k ∈ I.
12 CHENG, KWON, AND WANG
Remark 4.1. Let gl(∞|∞) denote the general linear Lie superalgebra spanned by the
elementary matrices Ei,j for i, j ∈ T∞ with parity p(Ei,j) = 2(i + j) (mod 2). Then
the subalgebra of g˜ generated by ei, fi, and hi for i ∈ T∞ is isomorphic to gl(∞|∞),
where e−1 7→ E−1,1/2, er 7→ Er,r+1/2, f−1 7→ E1/2,−1, fr 7→ (−1)
2rEr+1/2,r for r ∈
1
2N,
and hi 7→ Ei,i for i ∈ T∞.
Let P˜ = Zω +
∑
i∈I˜ Zωi be the set of integral weights for g˜. Note that αr =
ǫr − ǫr+1/2 ∈ P˜ for r ∈
1
2N. We define
P := Zω +
∑
i∈I∪{−1}
Zωi +
∑
n∈N
Zǫn, P := Zω +
∑
i∈I∪{−1}
Zωi +
∑
r∈ 1
2
+Z+
Zǫr.
We can regard P ⊆ P˜ and P ⊆ P˜ . Introduce
̟−1 = ω−1, ̟1 = ǫ1 + ω−1, ̟n = ǫn +̟n−1 (n ≥ 2),
̟1/2 = ω1/2 − ω−1 = −ǫ1/2, ̟r = −ǫr +̟r−1 (r ∈
1
2
+N).
Then we have
〈̟i, β
∨
j 〉 = δij , for i, j ∈ {−1} ∪
1
2N.
In particular, the sets {̟−1,̟1,̟2, . . .} and {̟ 1
2
,̟ 3
2
,̟ 5
2
, . . .} are the fundamental
weights for the (even) tail diagrams of g and g, starting from β−1 and β1/2, respectively.
Thus, we can identify P and P with the sets of integral weights for g and g, respectively.
Now, we define functors T and T as follows. For a g˜-module M˜ with weight space
decomposition M˜ =
⊕
γ∈P˜
M˜γ , we set
T (M˜) :=
⊕
γ∈P
M˜γ , T (M˜) :=
⊕
γ∈P
M˜γ .
A homomorphism f : M˜ → N˜ of g˜-modules with integral weights is in particular
an h˜-module homomorphism. Hence we have the restriction maps T [f ] := f |
T (M˜)
:
T (M˜) −→ T (N˜) and T [f ] := f |
T (M˜)
: T (M˜ ) −→ T (N˜), respectively.
Proposition 4.2. T (M˜) and T (M˜) are g- and g-modules, respectively.
Proof. We will show this for T (M˜) only, as the case of T (M˜) is similar. Writing the
simple roots βn = αn + αn+1/2 (n ∈ N) in terms of fundamental weights, we see that
βn = (ωn − ωn−1/2) + (ωn+1/2 − ωn+1) = ǫn − ǫn+1. Also we have
β−1 = α−1 + α 1
2
=
∑
i∈I∪{−1}
κiωi + ω 1
2
− ω1 =
∑
i∈I∪{−1}
κiωi − ǫ1 (κi ∈ Z).
Hence, P is invariant under adding or subtracting the simple roots of g, which implies
that T (M˜) is a g-module. 
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Let J ⊆ I be given. Let l˜ hd be the Levi subalgebra of g˜ generated by the Cartan
subalgebra of g(Ahd) and { ei, fi | i ∈ J }, which is a symmetrizable anisotropic Kac-
Moody Lie superalgebra by (B). Furthermore, let gl(∞|∞)>0 be the subalgebra of
gl(∞|∞) spanned by Er,s for r, s ∈ T∞ \ {−1} (see Remark 4.1). Put l˜ = l˜
hd ⊕
gl(∞|∞)>0.
Let g˜ = n˜+ ⊕ h˜ ⊕ n˜− be the triangular decomposition of g˜, and let p˜ = l˜ + n˜+ be
the parabolic subalgebra corresponding to l˜ with nilradical u˜+ and opposite radical u˜−.
Let l = g ∩ l˜ and l = g ∩ l˜. The subalgebras u±, p of g, and u±, p of g are defined in a
similar way.
Denote the set of partitions by P. For µ = (µ1, µ2, . . .) ∈ P, let µ
′ = (µ′1, µ
′
2, . . .)
denote the conjugate of µ. We denote a variant of Frobenius coordinates for µ by
µθ = (µθ1
2
, µθ1, µ
θ
3
2
, . . .) := (µ′1, 〈µ1 − 1〉, 〈µ
′
2 − 1〉, 〈µ2 − 2〉, . . .),
where 〈a〉 = max{a, 0} for a ∈ Z.
Let P+ be the subset of P consisting of weights of the following form:
λ = κω +
∑
i∈I∪{−1}
κiωi +
∑
n∈N
+λnǫn,(4.2)
where +λ = (+λ1,
+λ2, . . .) ∈ P, and κi ∈ Z+ (respectively κi ∈ 2Z+) for i ∈ J0
(respectively i ∈ J1). For λ ∈ P
+ as in (4.2), we define
λ♮ := κω +
∑
i∈I∪{−1}
κiωi +
∑
r∈ 1
2
+Z+
+λ′
r+ 1
2
ǫr ∈ P ,
λθ := κω +
∑
i∈I∪{−1}
κiωi +
∑
r∈ 1
2
N
+λθrǫr ∈ P˜ .
(4.3)
We denote the images of ♮ : P+ → P and θ : P+ → P˜ by P
+
and P˜+, respectively, so
that we get respective bijections ♮ : P+ → P
+
and θ : P+ → P˜+.
For λ ∈ P+, we assume the following notations.
L(l, λ) : the irreducible l-module with highest weight λ,
∆(λ) : the parabolic Verma module IndgpL(l, λ) with highest weight λ,
L(λ) : the unique irreducible quotient of ∆(λ),
where we extend L(l, λ) in a trivial way to a p-module. Similarly as above, we introduce
the self-explanatory notations of L(l, λ♮), ∆(λ♮), L(λ♮), and L(˜l, λθ), ∆˜(λθ), L˜(λθ) for
λ ∈ P+.
Now, we define O to be the category of g-modules M such that M is h-semisimple
with finite-dimensional weight spaces and satisfies
(1) M is a direct sum of L(l, γ)’s with γ ∈ P+ as an l-module,
(2) there exist λ1, λ2, . . . , λk ∈ P+ such that wt(M) ⊂
⋃
i
(
λi −
∑
α∈Π Z+α
)
,
where wt(M) denotes the set of weights of M . The morphisms in O are all g-module
homomorphisms. The categories O and O˜ of g- and g˜-modules, respectively, are defined
analogously, with h, l, P+, and Π replaced accordingly.
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Lemma 4.3. For λ ∈ P+, we have X(λ) ∈ O, X(λ♮) ∈ O, and X˜(λθ) ∈ O˜, where
X = ∆ or L.
Proof. First, we note that both L(l, λ) and u− are integrable l-modules. The enveloping
algebra U(u−) is also integrable via the adjoint action of l. Hence, U(u−)⊗L(l, λ), which
is isomorphic to ∆(λ) as an l-module, is completely reducible over l [K2, Proposition
2.8] (see also [CK, Section 3.2.2]). This proves ∆(λ) ∈ O and hence L(λ) ∈ O.
Next, we see that L(l, λ♮) is an integrable l-module. Also, by (A), (B), and Remark
2.7, u− is an integrable l-module, and so is its enveloping algebra. This shows X(λ♮) ∈
O.
It remains to show X˜(λθ) ∈ O˜. Since l˜ = l˜ hd ⊕ gl(∞|∞)>0, L(˜l, λ
θ) is an integrable
l˜ hd-module and a polynomial gl(∞|∞)>0-module. It is clear from (A), (B), and Remark
2.7 that u˜− is an integrable l˜ hd-module.
Now, we claim that u˜− is a polynomial gl(∞|∞)>0-module. Let α be a negative
root in u˜−, where α = −
∑
i∈I˜ aiαi for some ai ∈ Z+ with a−1 6= 0. Since α−1 =
ω1/2 +
∑
i∈I∪{−1}〈α−1, α
∨
i 〉ωi and ω1/2 = −ǫ1/2 + ω−1,
(4.4) α =
∑
i∈I∪{−1}
piωi +
∑
r∈ 1
2
N
qrǫr,
for some pi, qr ∈ Z. Since a−1 6= 0, there exists an s ∈
1
2N such that qs 6= 0. Choose
the largest such s. Then qs ∈ N since αs−1/2 = ǫs−1/2 − ǫs and as−1/2 ∈ N. Suppose
that qt is negative for some 1/2 ≤ t < s, and choose the largest such t. Let x± be
a root vector of g˜ associated with an even root ±βt = ±(αt + αt+1/2). Then ad(x±)
is locally nilpotent on u˜−. We apply the simple reflection associated with βt to have
another negative root α′ of u˜−, which is obtained from α by exchanging the coefficients
of ǫt and ǫt+1. Applying the above process repeatedly, we have a negative root of the
form (4.4), where there exists s ∈ 12N such that qs ∈ −N and qs′ = 0 for s
′ > s, which
is a contradiction. This proves our claim, which implies that the enveloping algebra
U(u˜−) is also a polynomial gl(∞|∞)>0-module.
Therefore, ∆˜(λθ) is completely reducible over l˜, since U(u˜−)⊗L(˜l, λθ) is an integrable
l˜ hd-module and a polynomial gl(∞|∞)>0-module (see e.g. [CK], [CW2, Theorem 6.4]).
We conclude that ∆˜(λθ) ∈ O˜ and hence L˜(λθ) ∈ O˜. 
Let n ∈ N be given. Consider the following sequence of n(n+1)2 odd roots in g˜.
α 1
2
, α 3
2
, α 3
2
+ α1 + α 1
2︸ ︷︷ ︸
2
, α 5
2
, α 5
2
+ α2 + α 3
2
, α 5
2
+ α2 + α 3
2
+ α1 + α 1
2︸ ︷︷ ︸
3
, . . .
. . . , α 2n−1
2
, α 2n−1
2
+ α 2n−2
2
+ α 2n−3
2
, . . . , α 2n−1
2
+ α 2n−2
2
+ · · · + α 1
2︸ ︷︷ ︸
n
.
We apply successively the corresponding odd reflections to g˜ in the above order starting
from α 1
2
. The resulting new Borel subalgebra of g˜ is denoted by b˜c(n), whose set of sim-
ple roots is as follows: ΠB∪{β−1, β1, · · · , βn−1}∪{−
∑2n−1
k=1 α k
2
}∪{β 1
2
, β 3
2
, · · · , βn− 1
2
}∪
{αn+ 1
2
, αn+1, αn+ 3
2
, · · · }.
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Next, consider another sequence of n(n+1)2 odd roots in g˜ as follows.
α1, α2, α2 + α 3
2
+ α1︸ ︷︷ ︸
2
, α3, α3 + α 5
2
+ α2, α3 + α 5
2
+ α2 + α 3
2
+ α1︸ ︷︷ ︸
3
, . . .
. . . , αn, αn + α 2n−1
2
+ α 2n−2
2
, . . . , αn + α 2n−1
2
+ · · · + α1︸ ︷︷ ︸
n
.
We denote by b˜s(n) the new Borel subalgebra of g˜ obtained by applying the odd re-
flections corresponding to the above sequence starting from α1. The set of simple
roots of b˜s(n) is ΠB ∪ {α−1, β 1
2
, β 3
2
, · · · , βn− 1
2
} ∪ {−
∑2n
k=2 α k
2
} ∪ {β1, β2, · · · , βn} ∪
{αn+1, αn+ 3
2
, αn+2, · · · }.
The proof of [CL, Lemma 3.1] can be easily adapted (as done in [CLW]) to prove
the following.
Lemma 4.4. Let λ ∈ P+ and n ∈ N be given.
(1) If ℓ(+λ) ≤ n, then the highest weight of L(˜l, λθ) with respect to b˜c(n) is λ.
(2) If ℓ((+λ)′) ≤ n, then the highest weight of L(˜l, λθ) with respect to b˜s(n) is λ♮.
Here ℓ(µ) denotes the length of a partition µ.
Lemma 4.5. For λ ∈ P+, we have T (L(˜l, λθ)) = L(l, λ) and T (L(˜l, λθ)) = L(l, λ♮).
Proof. Let {x1, x2, . . . } and { y1, y2, . . . } be mutually commuting formal variables. For
µ ∈ P, let sµ(x1, x2, . . .) and HSµ(x1, x2, . . . ; y1, y2, . . .) denote the Schur function and
the hook (or super) Schur function corresponding to µ, respectively (cf. [CW2, Appen-
dix A]). For an indeterminate e, set xi = e
ǫi for i ∈ 12N. Let λ ∈ P
+ be as in (4.2).
Since l˜ = l˜ hd ⊕ gl(∞|∞)>0, we see that (ignoring the eigenvalue of d)
chL(˜l, λθ) = chL(˜l hd, ν)HS+λ(x1, x2, · · · ;x1/2, x3/2, · · · ),
where ν =
∑
i∈I κiωi (cf. [CK]) and L(˜l
hd, ν) is the irreducible highest weight l˜ hd-
module with highest weight ν. In particular, it follows that
chT (L(˜l, λθ)) = chL(˜l hd, ν)s+λ(x1, x2, · · · ),
chT (L(˜l, λθ)) = chL(˜l hd, ν)s(+λ)′(x1/2, x3/2, · · · ).
Then the lemma follows from comparing the above characters and the definitions of T
and T . 
Proposition 4.6. T and T are exact functors from O˜ to O and O, respectively.
Proof. By Lemma 4.5, it suffices to show that T (M˜) ∈ O and T (M˜) ∈ O for M˜ ∈ O˜.
This follows from the same argument as in [CW2, Proposition 6.15]. 
Lemma 4.7. We have T (u˜+) = u+ and T (u˜+) = u+.
Proof. We show T (u˜+) = u+ only, as the proof of T (u˜+) = u+ is similar.
It is clear that the simple roots β−1 and βn (n ∈ N) lie in T (u˜
+) (cf. Proposition
4.2). Thus u+ ⊆ T (u˜+). Conversely, let α be a positive root of g˜ such that α ∈ P .
Then α is of the form
∑
i∈I aiαi + a−1β−1 +
∑
n∈N bnβn for some ai, bn ∈ Z+. So it
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remains to show that α is generated by the root vectors corresponding to the simple
roots αi, β−1, and βn for i ∈ I and n ∈ N. This follows from the procedure of applying
sequences of odd reflections to obtain b˜c(n) from b˜. Now by Corollary 3.3, the root
multiplicities also coincide. Hence, T (u˜+) ⊆ u+. 
Proposition 4.8. For λ ∈ P+, we have T (X˜(λθ)) = X(λ) and T (X˜(λθ)) = X(λ♮),
where X = ∆ or L.
Proof. We shall sketch the proof for T , as the case for T is similar.
With Lemmas 4.4 and 4.5 at our disposal, we may follow the proof of [CW2, Proposi-
tion 6.16] and show that T (X˜(λθ)) is a highest weight module in O with highest weight
λ. Now Lemma 4.7 shows that T (∆˜(λθ)) has the same character as ∆(λ), and hence it
must be equal to ∆(λ). The irreducibility of T (L˜(λθ)) follows from the same argument
as in [CW2, Theorem 6.17], and hence T (L˜(λθ)) = L(λ). 
For λ ∈ P+, we write that
(4.5) chL(λ) =
∑
µ∈P+
mµλch∆(µ)
with mµλ ∈ Z. By Propositions 4.6 and 4.8, we conclude the following.
Theorem 4.9. The character formulas of the irreducible g˜- and g-modules in the re-
spective categories O˜ and O are determined by those of the irreducible g-modules in O.
More precisely, for λ ∈ P+, the characters are given by
ch L˜(λθ) =
∑
µ∈P+
mµλch ∆˜(µ
θ),
chL(λ♮) =
∑
µ∈P+
mµλch∆(µ
♮),
where mµλ are as in (4.5).
Finally, let us recall the truncation functors to describe the irreducible characters for
the corresponding Lie superalgebras of finite rank.
For n ∈ N ∪ {−1}, recall the finite-rank Lie (super)algebras g˜n, gn, and gn from
Section 3, whenever they are defined. Let P˜n be the set of λ ∈ P˜ such that the
coefficient of ǫr in λ is 0 for r > n +
1
2 . We may regard λ ∈ P˜n as an integral weight
for g˜n. Note that ω = −ǫ−1 + ǫ1/2 − ǫ1 + · · · − ǫn + ǫn+ 1
2
as a weight for g˜n. Similarly
we let Pn = P ∩ P˜n and Pn = P ∩ P˜n be the sets of integral weights for gn and gn,
respectively. Put P˜+n = P˜n ∩ P˜
+, P
+
n = Pn ∩ P
+
, and P+n = Pn ∩ P
+.
For λ ∈ P+n , we let ∆n(λ) and Ln(λ) be the corresponding parabolic Verma and
irreducible modules over gn with highest weight λ, and let On denote the corresponding
category of gn-modules. Similarly, ∆n(λ
♮), Ln(λ
♮), On and ∆˜n(λ
θ), L˜n(λ
θ), O˜n are
defined for gn and g˜n, respectively.
For n < k ≤ ∞, we define the truncation functor trkn : Ok −→ On by sending
M =
⊕
γ∈Pk
Mγ to its subspace
⊕
γ∈Pn
Mγ . The truncation functors from Ok and O˜k
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to On and O˜n, respectively, are defined analogously. Here it is understood that O∞ = O,
O∞ = O, and O˜∞ = O˜. Then for µ ∈ P
+
k , we have
(4.6) trkn(Xk(µ)) =
{
Xn(µ), if µ ∈ P
+
n ,
0, otherwise,
where X = ∆ or L (cf. [CW2, Proposition 6.9]). The counterparts of (4.6) hold for
trkn : Ok → On (respectively tr
k
n : O˜k → O˜n) with P
+
k and Xk(µ) replaced by P
+
k and
Xk(µ) (respectively P˜
+
k and X˜k(µ)). Now Theorem 4.9 has the following finite-rank
analogue thanks to the counterpart for On of (4.6).
Corollary 4.10. For λ ∈ P+ such that λ♮ ∈ P
+
n , the character formula of the irre-
ducible gn-module Ln(λ
♮) is given by
chLn(λ
♮) =
∑
{µ∈P+|µ♮∈P
+
n }
mµλch∆n(µ
♮),
where mµλ are as in (4.5).
Remark 4.11. (1) Assume that I1 = ∅ (and thus B is a GCM), 〈γj , α
∨
−1〉 = cj ≤ 0
for all 1 ≤ j ≤ p, and Ahd is symmetrizable. Then the integers mµλ are often the
evaluation at q = 1 of various parabolic Kazhdan-Lusztig polynomials for the Hecke
algebra associated to the Weyl group of a symmetrizable Kac-Moody Lie algebra g (see
Kashiwara-Tanisaki [KT] and the references therein).
(2) Assume that B is an anisotropic SGCM satisfying additionally that the square
length of αi has the same parity as i, for all i ∈ I (this additional condition might be re-
movable eventually). For such a B, an additional equivalence of categories between On
and a BGG category of some Kac-Moody Lie algebra given in [CFLW, Remark 4.11],
when combined with Corollary 4.10, still allows us to determine the characters of ir-
reducible gn-modules in the category On in terms of those of the corresponding Kac-
Moody Lie algebra.
(3) Recall that g = g◦ +Cd. We note that in the categories that we consider in this
paper the multiplicities mµλ in (4.5) for g and g
◦ are identical. This can be seen as
follows: First, note that the respective irreducible l- and l◦-modules are the same using
the exact same type of argument as in Exercise 2.1 in [CW2]. From this it follows that
the parabolic g- and g◦-modules are also the same. Now, since the irreducible g-modules
and g◦-modules are also the same, we conclude that the respective composition factors
in the parabolic Verma modules coincide.
Corollary 4.12. The characters of the irreducible modules over the exceptional Lie
superalgebras G(3), F (3|1), and D(2|1, α) with α ∈ N in the BGG category, with respect
to the distinguished fundamental systems, are determined by those over symmetrizable
Kac-Moody Lie algebras.
Proof. If we let Ahd be the SGCM’s of the exceptional finite-dimensional Lie superalge-
bras G(3), F (3|1), and D(2|1, α) in Example 2.6, then the respective Dynkin diagrams
of Lie superalgebras g˜ become the following:
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© © ⊗ ⊗ ⊗⊗ ⊗ ⊗ · · ·
(1, 1) (−1,−1) (1, 1) (−1,−1) (1, 1)(−1,−1)(−1,−3)
α
−1γ1
© © © ⊗ ⊗ ⊗⊗ ⊗ ⊗ · · ·
(1, 1) (−1,−1) (1, 1) (−1,−1) (1, 1)(−1,−1)(−1,−2)(−1,−1)
α
−1γ1
©
©
⊗ ⊗ ⊗⊗ ⊗ ⊗ · · ·
❅
❅
 
 
(1, 1) (−1,−1) (1, 1) (−1,−1) (1, 1)
(−1,−1)
(−1,−α)
α
−1
γ1
γ2
By Corollary 3.4, the corresponding Lie algebras g are all symmetrizable Kac-Moody
Lie algebras (of infinite rank). We note that the Lie superalgebras g contains subalge-
bras g−1 which are isomorphic to these finite-dimensional exceptional Lie superalgebras.
Finally, we apply Corollary 4.10 to complete the proof. 
Remark 4.13. The super dimensions for finite-dimensional irreducible modules over
these exceptional simple Lie superalgebras were studied earlier in [T, KW1]. For
D(2|1, α), finite-dimensional irreducible character formulas were obtained in [Ger] (see
also [vdJ]). Recently, in [SZ] finite-dimensional irreducible character formulas for all
these Lie superalgebras were computed.
5. Super duality
In this section we continue to work under the assumptions (A) and (B) on g˜, g,
and g as in Section 4. Let us first briefly recall the notion of Kostant (co)homology
groups of the nilradicals of g˜, g, and g with coefficients in modules from O˜, O, and O,
respectively (see, e.g., [CW2, Section 6.4] and the references therein).
For M˜ ∈ O˜, let M = T (M˜) and M = T (M˜). We denote by Hn(u˜
−, M˜ ) for n ∈ Z+
the Kostant u˜−-homology groups with coefficients in M˜ , which are determined from
the chain complex d˜ : Λ(u˜−)⊗ M˜ −→ Λ(u˜−)⊗ M˜ , where Λ(u˜−) =
⊕
n≥0Λ
nu˜− denotes
the super exterior algebra generated by u˜−. Note that the boundary operator d˜ is
an l˜-module homomorphism, and Hn(u˜
−, M˜ ) is a semisimple l˜-module since Λ(u˜−) and
Λ(u˜−)⊗M˜ are semisimple over l˜. The homology groups Hn(u
−,M ) and Hn(u
−,M) are
defined by the chain complexes d : Λ(u−)⊗M −→ Λ(u−)⊗M and d : Λ(u−)⊗M −→
Λ(u−)⊗M , which are semisimple over l and l, respectively.
The cohomology groups Hn(u˜+, M˜ ) for n ∈ Z+ are defined by the cochain com-
plex ∂˜ : C(u˜+, M˜) −→ C(u˜+, M˜ ), where C(u˜+, M˜ ) =
⊕
n≥0Hom(Λ
nu˜+, M˜) and
Hom(Λnu˜+, M˜ ) = (Λnu˜+)∗ ⊗ M˜ with (Λnu˜+)∗ denoting the restricted dual of Λnu˜+.
The cohomology groups Hn(u+,M) and Hn(u+,M) are defined similarly.
Let τ be the automorphism of g˜ given by τ(ei) = −(−1)
p(ei)fi, τ(fi) = −ei and
τ(h) = −h for i ∈ I˜ and h ∈ h˜. We denote by M˜∨ the restricted dual M˜∗ =
⊕
µ M˜
∗
µ
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with τ -twisted g˜-action, that is, (x · f)(v) = (−1)p(x)p(f)+1f(τ(x)v) for v ∈ M˜ , and
homogeneous elements x ∈ g˜, f ∈ M˜∗. Then we have the following duality:
(5.1) Hn(u˜
−, M˜ ) ∼= Hn(u˜+, M˜∨),
for n ∈ Z+ as l˜-modules (cf. [CW2, Theorem 6.24] and [L]). Similar dualities also hold
for Hn(u
−,M ) and Hn(u
−,M).
Theorem 5.1. For M˜ ∈ O˜ and n ∈ Z+, we have
(1) T (Hn(u˜
−, M˜ )) ∼= Hn(u
−,M) as l-modules,
(2) T (Hn(u˜
−, M˜ )) ∼= Hn(u
−,M ) as l-modules.
Proof. By Lemma 4.7, we have T (Λ(u˜−) ⊗ M˜) = Λ(u−) ⊗M and T (Λ(u˜−) ⊗ M˜) =
Λ(u−) ⊗M with T [d˜] = d and T [d˜] = d, respectively. Since the chain complexes are
semisimple over the Levi subalgebras, we have isomorphisms between the homology
groups by Lemma 4.5 and Proposition 4.6. 
Corollary 5.2. For λ ∈ P+ and n ∈ Z+, we have
(1) T (Hn(u˜
−, L˜(λθ))) ∼= Hn(u
−, L(λ)) as l-modules,
(2) T (Hn(u˜
−, L˜(λθ))) ∼= Hn(u
−, L(λ♮)) as l-modules.
Corollary 5.3. For λ ∈ P+ and n ∈ Z+, we have
(1) T (Hn(u˜+, L˜(λθ))) ∼= Hn(u+, L(λ)) as l-modules,
(2) T (Hn(u˜+, L˜(λθ))) ∼= Hn(u+, L(λ♮)) as l-modules.
Proof. Note that L˜(λθ), L(λ♮), and L(λ) are self-dual with respect to the functor ∨.
Then the isomorphisms follow from (5.1) and Corollary 5.2. 
Based on [KL, V], we define the (parabolic) Kazhdan-Lusztig-Vogan polynomials in
O, O, and O˜ for λ, µ ∈ P+ by
ℓµλ(q) :=
∞∑
n=0
(−q)−n dimHoml
(
L(l, µ),Hn(u
−, L(λ))
)
,
ℓµ♮λ♮(q) :=
∞∑
n=0
(−q)−n dimHoml
(
L(l, µ♮),Hn(u
−, L(λ♮))
)
,
ℓ˜µθλθ (q) :=
∞∑
n=0
(−q)−n dimHom
l˜
(
L˜(˜l, µθ),Hn(u˜
−, L˜(λθ))
)
.
By standard arguments, we see that chL(λ) =
∑
µ∈P+ ℓµλ(1)ch∆(µ). By Theorem 5.1,
we have the following.
Theorem 5.4. For λ, µ ∈ P+, we have ℓµλ(q) = ℓµ♮λ♮(q) = ℓ˜µθλθ(q).
Now, we are ready to state one main result in this paper, which naturally extends
the results in [CL] and [CLW].
Theorem 5.5. The following statements hold.
(1) T : O˜ −→ O is an equivalence of categories.
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(2) T : O˜ −→ O is an equivalence of categories.
(3) The categories O and O are equivalent.
Proof. Let us define an equivalence relation ∼ on h˜∗ by letting µ ∼ ν if and only if
µ − ν ∈
∑
α∈Π˜ Zα. For µ ∈ h˜
∗, we fix a representative [µ]o in the equivalence class [µ]
and declare the parity of [µ]o is 0. Consider a Z2-grading on h˜
∗ as follows:
(5.2) h˜∗ε = {µ ∈ h˜
∗ | p (µ− [µ]o) ≡ ε (mod 2) } (ε ∈ Z2).
Let O˜0 be the full subcategory of O˜ consisting of g˜-modules equipped with the Z2-
grading in (5.2). The subcategories O
0
and O0 are defined similarly. Since T : O˜0 −→
O0, T : O˜0 −→ O
0
, and O˜0 is equivalent to O˜, we may assume without loss of gener-
ality that the modules in O˜, O, and O are equipped with the Z2-grading in (5.2). In
particular, all categories involved are abelian.
Now, with Corollaries 5.2 and 5.3 at our disposal, we may apply the same arguments
as in [CW2, Section 6.5] (cf. [CL, CLW]).
First, we can prove that for M˜, N˜ ∈ O˜, T induces isomorphisms
(i) Hom
O˜
(M˜, N˜) ∼= HomO(M,N),
(ii) Ext1
O˜
(M˜ , N˜) ∼= Ext1O(M,N) with M˜ a highest weight module,
where M = T (M˜) and N = T (N˜). Next, let M ∈ O be given. By standard arguments,
we have a filtration 0 = M0 ⊂ M1 ⊂ M2 ⊂ · · · such that M =
⋃
i≥1Mi and Mi/Mi−1
is a highest weight g-module. We can also prove that for a highest weight g-module V
with highest weight λ, there exists a highest weight g˜-module V˜ with highest weight
λθ such that T (V˜ ) ∼= V . This, together with (ii), implies that there exists a filtration
of g˜-modules in O˜, 0 = M˜0 ⊂ M˜1 ⊂ M˜2 ⊂ · · · such that T (M˜i) ∼= Mi, and hence
T (M˜) ∼= M , where M˜ =
⋃
i≥1 M˜i. Finally, by (i), we conclude that T : O˜ −→ O is
an equivalence of categories, which proves (1). The proof of (2) is parallel. Now, the
equivalence between O and O follows from (1) and (2). 
The equivalence in Theorem 5.5 (3) is called super duality. It was conjectured in
[CWZ, CW1] and proved in [CL] for B of type An, and then proved in [CLW] for B
of type Bn, Cn, Dn, and B(0, n). Theorem 5.5 holds also when B is of infinite rank.
Remark 5.6. We may also modify the setup at the beginning of Section 3 to have
equivalences for a more general class of g˜, where more than one odd isotropic simple
root, say α
(1)
−1, . . . , α
(u)
−1 , together with its associated tail diagram of gl(∞|∞), is attached
to B as in (3.3) (cf. [CLW2]). Here, a pair of vertices α
(i)
−1 and α
(j)
−1 may have an edge
with label (dij , dji) for 1 ≤ i < j ≤ u (not necessarily being negative), and a vertex γ
in B may be connected to more than one vertex from α
(1)
−1, . . . , α
(u)
−1 .
For example, when u = 2, we have equivalences between O˜, O, and O for
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⊗ ⊗ · · ·
α
(2)
−1
(d12,d21)
.
.
. ⊗ ⊗
⊗ ⊗ · · ·
α
(1)
−1
.
.
. ⊗ ⊗
Bg˜ :
⊗ © · · ·
α
(2)
−1
(d12,d21)
.
.
. © ©
⊗ © · · ·
α
(1)
−1
.
.
. © ©
Bg :
© © · · ·
β
(2)
−1
(d12,d21)
.
.
. © ©
© © · · ·
β
(1)
−1
.
.
. © ©
Bg :
Example 5.7. Suppose that B is a disjoint union of the following two Dynkin dia-
grams of type A:
© · · · © © · · · ©
(−1,−1) (−1,−1) (−1,−1) (−1,−1)
γ
(1)
1 γ
(1)
2γ
(2)
2 γ
(2)
1
Here γ
(1)
1 , γ
(1)
2 , γ
(2)
1 , and γ
(2)
2 are the four end vertices. We connect B to two vertices
α
(1)
−1 and α
(2)
−1 as follows. We connect to α
(i)
−1 the two vertices γ
(i)
1 and γ
(i)
2 with labels
(b
(i)
1 , c
(i)
1 ) = (−1, 1) and (b
(i)
2 , c
(i)
2 ) = (−1,−1) so that the resulting head diagram is of
the form:
© · · · © © · · ·
(−1,−1) (−1,−1) (−1,−1) (1,−1) (−1,−1) (−1,−1)
(−1,−1)(−1,1)
⊗
⊗
©
α
(1)
−1
α
(2)
−1γ
(1)
1 γ
(1)
2γ
(2)
2 γ
(2)
1
This gives the Dynkin diagram of the affine Lie superalgebra of type A.
6. Integrable modules for Kac-Moody Lie superalgebras
In this section, we assume that g(C) is a Kac-Moody Lie superalgebra associated
with C = (cij)i,j∈I satisfying the mild condition
(C) C is a symmetrizable SGCM with cij ≤ 0 for all i 6= j.
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Recall I = I0 ⊔ I1. For convenience, we set
I ❞= { i ∈ I0 | cii = 2 }, I⊗ = { i ∈ I | cii = 0 },
I t= { i ∈ I1 | cii = 2 }, IH# = I ❞⊔ I t= { i ∈ I | cii = 2 }.
We define G := g(C) ⊕
⊕
i∈I⊗
Cd(i), an extension of g(C) by outer derivations, where
d(i) is defined in the same way as d corresponding to α−1 for g˜ in Section 3. Let ΠG
be the fundamental system associated with C, and let OG be the BGG category with
respect to ΠG. Then we have the following generalization of Corollary 4.12.
Theorem 6.1. The characters of irreducible G-modules in OG are determined by those
of irreducible modules over a symmetrizable anisotropic Kac-Moody Lie superalgebra.
Proof. Let B be the submatrix of C associated with IH#. For i ∈ I⊗, let α
(i)
−1 denote
the corresponding odd isotropic simple root of G. We consider the Kac-Moody Lie
superalgebra g˜ of infinite rank, whose Dynkin diagram is obtained from B by attaching
diagrams of gl(∞|∞) starting from α
(i)
−1 (i ∈ I⊗) in such a way that the head diagram
of g˜ (cf. (3.1)) is the Dynkin diagram C of G (see Remark 5.6). We define g and g in
a similar way. Since cij ≤ 0 for all i 6= j, g is a symmetrizable anisotropic Kac-Moody
Lie superalgebra by Proposition 3.4.
Consider the associated equivalent categories O˜, O and O with J ⊆ IH# being empty.
By construction, we see that the truncated subalgebra g−1 of g is isomorphic to G. In
the case of the example in Remark 5.6, we have
⊗
α
(2)
−1
.
.
.
⊗
α
(1)
−1
.
.
.
Bg−1 : = C
Moreover, the truncated category O−1 is the BGG category OG of G-modules with
respect to ΠG. Therefore, by Theorem 4.9 and (4.6), the character of an irreducible
G-module in OG can be obtained from that of an irreducible g-module in O. 
Remark 6.2. When I t= ∅ in C, g becomes a Kac-Moody Lie algebra, and the characters
for a large class of irreducible g-modules are given by the Kazhdan-Lusztig polynomials
of g (see [KT]); and see Remark 4.11 for the more general case. Applying the super du-
ality functor we obtain irreducible character formulas for the corresponding G-modules
in OG.
Remark 6.3. Affine Lie superalgebras are related to Lie algebras g, which are not Kac-
Moody Lie algebras, since the matrices associated to g have a positive off-diagonal
entry (see Examples 3.1 and 5.7), and hence they cannot be treated as in Theorem 6.1
and Remark 6.2.
We keep the notations for the Lie (super)algebras g˜, g, and g associated with G as
in the proof of Theorem 6.1.
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Let
Π˜ = {αi | i ∈ IH# } ∪ {α
(i)
j | i ∈ I⊗, j ∈ T∞ }
be the fundamental system of g˜, where {α
(i)
j | j ∈ T∞ } is the set of simple roots of
gl(∞|∞) for each i ∈ I⊗. Then the set of integral weights P˜ of g˜ is given by
P˜ :=
∑
i∈I⊗
Zω(i) +
∑
i∈IH#
Zωi +
∑
i∈I⊗
∑
j∈T∞
Zω
(i)
j ,
where ω(i) is the fundamental weight with respect to d(i), and ω
(i)
j is the fundamental
weight corresponding to α
(i)
j . For i ∈ I⊗, we define ǫ
(i)
j and h
(i)
j for j ∈ T∞ as in the
case of |I⊗| = 1 (4.1). Hence the integral weights for g and g are given by
P :=
∑
i∈I⊗
Zω(i) +
∑
i∈IH#
Zωi +
∑
i∈I⊗
∑
n∈{−1}∪N
Zǫ(i)n ,
P :=
∑
i∈I⊗
Zω(i) +
∑
i∈IH#
Zωi +
∑
i∈I⊗
∑
r∈{−1}∪( 12+Z+)
Zǫ(i)r ,
respectively. Now, we assume that the category O˜ is with respect to the Levi subalgebra
l˜ associated to Π˜ \ {α
(i)
−1 | i ∈ I⊗ }. In this case, P
+ is the subset of P consisting of
(6.1) λ =
∑
i∈I⊗
κ(i)ω(i) +
∑
i∈IH#
κiωi +
∑
i∈I⊗
∑
n∈{−1}∪N
λ(i)n ǫ
(i)
n ,
where κi ∈ Z+ (respectively κi ∈ 2Z+) for i ∈ I ❞(respectively i ∈ I t), and (λ
(i)
1 , λ
(i)
2 , . . .) ∈
P for i ∈ I⊗. Then P
+
and P˜+ are given by the images of P+ under ♮ and θ, respec-
tively, as in the case of |I⊗| = 1 (4.3).
Let Oint be the full subcategory of O consisting of integrable g-modules and let P++g
be the subset of P+ consisting of weights of the form in (6.1) with (λ
(i)
−1, λ
(i)
1 , λ
(i)
2 , . . .) ∈ P
for i ∈ I⊗. Note that O
int is a semisimple tensor category, whose irreducible objects
are L(λ) for λ ∈ P++g by [K2].
Let O
int
be the full subcategory of O consisting of g-modules M such that
(6.2) wt
(
M
)
⊆
∑
i∈I⊗
Zω(i) +
∑
i∈IH#
Zωi +
∑
i∈I⊗
∑
r∈{−1}∪( 12+Z+)
Z+ǫ
(i)
r .
Lemma 6.4. O
int
is a semisimple tensor category equivalent to Oint under super duality,
whose irreducible objects are L(λ♮) for λ ∈ P++g .
Proof. Given i ∈ I⊗, let g˜l
(i)
be the subalgebra of g˜ isomorphic to gl(∞|∞), which
corresponds to {α
(i)
j | j ∈ T∞ } with the Cartan subalgebra spanned by h
(i)
j for j ∈ T∞
(see Remark 4.1). We put gl
(i)
= g ∩ g˜l
(i) ∼= gl(1|∞) and gl(i) = g ∩ g˜l
(i) ∼= gl(∞).
Let M ∈ O
int
be given. By (6.2), M is a polynomial gl
(i)
-module for i ∈ I⊗, and
hence completely reducible over gl
(i)
[CK]. Let M be the g-module in O corresponding
to M under super duality. Since the super duality between O and O naturally induces
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a super duality between corresponding categories of gl
(i)
and gl(i)-modules for each
i ∈ I⊗, M is also a polynomial gl
(i)-module and hence completely reducible over gl(i).
By our choice of l, the sl(2) or osp(1|2)-copy associated with each simple root of g acts
locally nilpotently on M , which implies that M ∈ Oint. Hence, M ∼=
⊕
λ∈P++g
L(λ)⊕mλ
for some mλ ∈ Z+ and M ∼=
⊕
λ∈P++g
L(λ♮)⊕mλ .
On the other hand, for λ ∈ P++g , we see that L(λ) is a polynomial gl
(i)-module for
i ∈ I⊗. Again by using the fact that the super duality between O and O induces an
equivalence between corresponding categories of gl
(i)
and gl(i)-modules for each i ∈ I⊗,
we conclude that L(λ♮) ∈ O
int
. It is clear that O
int
is closed under tensor product. This
completes the proof. 
Let
PG :=
∑
i∈IH#
Zωi +
∑
i∈I⊗
(
Zǫ
(i)
−1 + Zǫ
(i)
1
2
)
be the set of integral weights for G. For i ∈ I, let
G(i) :=

〈ei, fi, α
∨
i 〉
∼= sl(2), if i ∈ I ❞,
〈ei, fi, α
∨
i 〉
∼= osp(1|2), if i ∈ I t,〈
ei, fi, h
(i)
−1, h
(i)
1/2
〉
∼= gl(1|1), if i ∈ I⊗ .
We define Oint
G
to be the full subcategory of OG consisting of G-modules M such that
(1) M =
⊕
µ∈PG
Mµ with dimMµ <∞,
(2) M is a locally finite G(i)-module for i ∈ IH#,
(3) M is a polynomial G(i)-module for i ∈ I⊗, or equivalently,
wt(M) ⊂
∑
i∈IH#
Zωi +
∑
i∈I⊗
(
Z+ǫ
(i)
−1 + Z+ǫ
(i)
1
2
)
.
Let P++
G
be the set of weights
(6.3)
∑
i∈IH#
κiωi +
∑
i∈I⊗
(
λ
(i)
−1ǫ
(i)
−1 + λ
(i)
1 ǫ
(i)
1
2
)
such that
(1) κi ∈ Z+ (respectively κi ∈ 2Z+) for i ∈ I ❞ (respectively i ∈ I t),
(2) λ
(i)
−1, λ
(i)
1 ∈ Z+, where λ
(i)
1 6= 0 only if λ
(i)
−1 6= 0.
Theorem 6.5. The category Oint
G
is a semisimple tensor category, whose irreducible
objects are highest weight G-modules with highest weight Λ ∈ P++
G
. Furthermore, the
Littlewood-Richardson rule in Oint
G
is determined by that of a symmetrizable anisotropic
Kac-Moody Lie superalgebra.
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Proof. For Λ ∈ PG, let LG(Λ) be the irreducible G-module in OG with highest weight Λ.
Suppose that LG(Λ) ∈ O
int
G
. Then by definition of Oint
G
, we have Λ ∈ P++
G
. Conversely,
if Λ ∈ P++
G
, then there exists a unique λ ∈ P++g such that Λ = λ
♮ and 〈λ♮, h
(i)
j 〉 =
0 for i ∈ I⊗ and j ≫ 0, that is, the coefficients of ω
(i) in λ♮ are 0. Recall that
ω(i) = −ǫ
(i)
−1 + ǫ
(i)
1
2
as a weight for G. We have L(λ♮) ∈ O
int
by Lemma 6.4, and hence
LG(Λ) = tr
∞
−1(L(λ
♮)) ∈ Oint
G
by (6.2). Therefore {LG(Λ) |Λ ∈ P
++
G
} is a complete list
of irreducible modules in Oint
G
.
Let MG be a highest weight G-module in O
int
G
with highest weight Λ ∈ P++
G
, where
Λ = λ♮ for some λ ∈ P++g . We can check that there exists a highest weight g-module
M ∈ O with highest weight λ♮ such that tr∞−1(M) = MG by the same argument as in
[Kw, Lemma 3.10]. Let M be a g-module in O corresponding to M via super duality.
Then M is also a highest weight g-module with highest weight λ [CW2, Propositions
6.16 and 6.38].
Suppose that MG is not irreducible. Then there exists a proper submodule NG with
a non-trivial maximal weight µ♮ for some µ ∈ P++g with µ 6= λ. SinceM is l-semisimple
and tr∞−1 maps an irreducible l-module to an irreducible (l∩G)-module or 0, there exists
an irreducible l-submodule of M with highest weight µ♮. Hence by Lemma 4.5, M has
an irreducible l-submodule with highest weight µ. In particular, λ − µ ∈
∑
α∈Π Z+α
where Π is the set of simple roots of g. On the other hand, λ and µ are two dominant
integral weights appearing in a highest weight g-module, which implies that λ = µ by
[K3, Corollary 2.6 and Lemma 10.3]. This is a contradiction. Therefore, MG = LG(Λ).
Now, let Λ,Λ′ ∈ P++
G
be given. Suppose that we have an exact sequence
(6.4) 0 −→ LG(Λ
′) −→M −→ LG(Λ) −→ 0
for some M ∈ Oint
G
. Suppose that Λ− Λ′ 6∈
∑
α∈ΠG
Z+α. Then Λ
′ is a maximal weight
in M . Let f ∈ M∨Λ′ be such that 〈f, v〉 6= 0, where v ∈ MΛ′ . Since M
∨ ∈ Oint
G
and f
is a maximal weight vector, the G-submodule of M∨ generated by f is isomorphic to
LG(Λ
′) ⊂ M∨ by the argument in the previous paragraph. Composing the embedding
LG(Λ
′) →֒M with the dual of LG(Λ
′) ⊂M∨ with respect to ∨, we have a non-zero map
LG(Λ
′) →֒M ∼=M∨∨ → LG(Λ
′)∨ ∼= LG(Λ
′).
This implies that (6.4) splits, and hence Ext1
Oint
G
(LG(Λ), LG(Λ
′)) = 0. The same argu-
ment also applies to the case when Λ = Λ′. If Λ − Λ′ ∈
∑
α∈ΠG
Z+α with Λ 6= Λ
′,
then we can show that Ext1
Oint
G
(LG(Λ), LG(Λ
′)) = 0 by considering the dual of (6.4).
Therefore, Oint
G
is a semisimple tensor category since it is closed under tensor product.
By Lemma 6.4, the decomposition of a tensor product of irreducible modules in Oint
G
is determined by that of Oint. This completes the proof. 
Remark 6.6. In addition to G(3), F (3|1), and D(2|1, α) (α ∈ N), we list the Dynkin
diagrams for G that correspond to finite-dimensional Lie superalgebras:
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gl(m|1) © © · · ·
⊗(−1,−1) (−1,−1) (−1,−1)
α
−1
osp(2m+ 1|2) © © · · ·
⊗(−2,−1) (−1,−1) (−1,−1)
α
−1
osp(2m|2)
©
©
© · · ·
⊗❅❅
  
(−1,−1)
(−1,−1)
(−1,−1) (−1,−1)
α
−1
osp(2|2m) © © · · ·
⊗(−1,−2) (−1,−1) (−1,−1)
α
−1
osp(3|2m) ② © · · ·
⊗(−2,−1) (−1,−1) (−1,−1)
α
−1
where m ≥ 2. We would like to remark that in the above cases except for gl(m|1),
any non-trivial irreducible G-module in Oint
G
is infinite-dimensional. Indeed, when G is
orthosymplectic, the irreducible G-modules in Oint
G
are the oscillator modules studied
in [CZ, CKW].
Remark 6.7. A notion of integrable modules was also introduced in [S], which is different
from our notion of irreducible modules in Oint
G
.
Remark 6.8. In general, for n ∈ N∪ {−1}, let O
int
n be a full subcategory of gn-modules
M in On such that
(6.5) wt
(
M
)
⊆
∑
i∈IH#
Zωi +
∑
i∈I⊗
∑
r∈{−1, 1
2
, 3
2
..., 2n+1
2
}
Z+ǫ
(i)
r .
Note that O
int
−1 = O
int
G
and the condition (6.5) is equivalent to saying that M is a
polynomial representation of gl
(i)
∩ gn
∼= gl(1|n + 1) (or gl(1|1) when n = −1) for
i ∈ I⊗. Also, note that the SGCM for gn does not satisfy (C) for n ≥ 1 (see (3.5)).
Then by the same argument as in Theorem 6.5, we can show that O
int
n is a semisimple
tensor category with irreducible objects Ln(λ
♮) for λ ∈ P++g such that λ
♮ ∈ P
+
n . It
was proved in [Kw, Theorem 3.12] for gn being an orthosymplectic Lie superalgebra of
finite rank, where O
int
n is defined by a condition slightly different from but equivalent
to (6.5).
Remark 6.9. When g is a Kac-Moody Lie algebra, classical results on integrable g-
modules (see e.g. [Ku, Theorem 9.1.3]) together with Theorem 5.5 imply that the
irreducible gn-module Ln(λ
♮) in O
int
n admits a BGG type resolution in terms of (par-
abolic) Verma modules. Furthermore, if we express chLn(λ
♮) as a linear combination
of characters of parabolic Verma modules, then the nonzero multiplicity of each such
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Verma character is ±1. When g is an anisotropic Kac-Moody superalgebra, we may
apply [K2, CFLW] to obtain similar results.
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